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5.1

(i)

(i)

(iii)

Introduction

Consider the following processes:

A radioactive system emits a stream of « - particles, which reach a Geiger counter. A Geiger counter
is a defective counter, which gets locked for sometime when a radioactive particle strikes it. While
an unlocked counter is capable of recording the arrival of particles, a locked counter does not record
the event. Let X (t) be the number of recordings by a Geiger counter during the time-interval (0,t].
Suppose that the half-life of the particle (the time taken till the mass of the matter reduces to its half
by the process of disintegration) is large as compared to t. Then X (t) is the sum of a large number of

i.i.d. Bernoulli events, each having a probability p (say) of being recorded.

A large pond has a large number of fishes. Let X (t) be the number of fishes caught in the time-
interval (0,t]. The chance of catching a fish is independent of the number of fishes already caught,
when the catching of a fish is a Bernoulli trial with the probability p (say) of catching (success).
Further the chances of catching a fish at the next time point are the same irrespective of the time

interval since the last success. In other words, there is “no premium for waiting”.

Recall the queuing system having one server who serves the customer on the basis of “First come.
First served” rule. Let X (t) be the length of the queue at any time t, when the customers are joining

the system at a constant rate and hence the inter-arrival times are i.i.d. random variables.

All the above processes represent a situation when the number of trials is large, and each trial is subject

independently to a Bernoulli law. The probability of one occurrence of the event in a very small interval is

constant but in the same interval two or more events can occur with a probability, which is of order zero.

These all processes are the Poisson processes.
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4.2 Poisson process

Let (N(t), teT = [0,:0))be a non-negative counting process with discrete state space S = {0,1,2...}

where N (t) denotes the occurrence of a random, rare event E in time T. Further, let
p (t) = P(N(t) = n)= P(of n occurences of E in an interval (0,t]);n=0,1,2...
n

Sp,(0)=1
n=0

i.e., p (t) is a function of time. Under certain conditions, called as the postulates or assumptions,
n

N(t) ~ Pois(At). Then (N(t), t € T = [0,0))is called a Poisson process.

Postulates of Poisson process: There are three basic postulates or assumptions of the Poisson process:

(1 Independence: N (t) is Markovian, i.e., the occurrences of the event in (0,t] are independent of the

number of occurrences of E in an interval prior to (0,t].

(i)  Homogeneity in time: p, (t) depends only on the length t of the time interval (0,t] and not on where

the interval is situated on the time-axis.

(iii)  Regularity (Orderliness): In an interval (t, t + h) of infinitesimal length h, exactly one event can

occur with probability Ah + o(h) and the probability of more than one events is of order o(h) (called

as the zero order), i.e.,

p.(n) = h+o(hy; Jim ©M — o

and, 3 p, () = o(h)
k=2

8

Since P, (h) = 1 =p, (h)+ pl(h)+o(h) =1
2

n

= py(h) =1-4h—-o(h) = P(noeventin (t,t+h))

Under these postulates, we prove the following theorem:
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Theorem 4.1: Under the conditions of independence, homogeneity and orderliness, N (t) ~ Pois(At), i.e.,

It (/7,'[)n

Pa(t) = e I

, h=20,12..

Proof: Consider p, (t+h) forn>0

0 t t+h

Forn>1,

p (t+h) = P( n eventsoccurinan interval (0,t+h))
n

= P( n events occur in the interval (0,t))P( no events occur in (t,t+h))

+ P( n-1 events occur in the interval (0,t)) P( one event occurs in (t,t+h))

-2
+ nz P( n—k events occur in the interval (0,t))P( k events occur in (t,t+h))
k=2

= p_(OA-2h)+p  (t)2h+o(h)

p, (t+h)—p_ (t)
3 e

- = A, )+ 2p, , () + 2D

h

b, (t+h)=p_(t) _o(h)
= lim s = = A, (1) + APy (1) + lim =

or, p,'(t) + Ap,(t) = Ap,4(t); n =1 4.1)

Forn=0,

Po(t+h) = po(t)py(h) = po (1)1 2h+o(h))

~ imPe (t+h)—p, (1)

h—0 h - _;Lpo (t)
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P (1)
P, ()

or, log P, (t) = —At+c, ¢ is the arbitrary constant of integration

= p (1) = ce ™, ¢ = ¢
Initially, at t =20 p,(0) =0=¢ =1

() = e (4.2)
Putting n = 1 in (4.1), we have

p () +Ap (1) = Ap (1) = 2
1 1 0

Integrating factor I.F. of this differential equation is is e™
d /u) _
= a(pl e ) =2
= P, (te™ = at+c

At t =0, pl(O) =0 =>c=1

= P, (1) = ate™ ™

Let p (1) =" (’Ell 43)
Then from (4.1)
b, W+ ap (O = 2 O
Multiplying both sides by e**, we have
" (o, W+ ap, ) = 20T
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Integrating both sides with respect to t

(at)"
I +

eMp(t): c
n

p 0)=0=1¢=20
n

It (/ﬁ)n
[n

= P (t) = e ., n =123,..

Thus, by mathematical induction, we have shown that

N (t) ~ Pois(At), n =0,1,2...

Probability generating function and the Characteristic functions of a Poisson process:

An alternate and more elegant technique of obtaining the result is the generating function technique.

Define the probability generating function

P(s,t)

Y p, (1)s"
n=0

T P(N(t)=n)s" = E(s"®)
n=0

SO,

P(5,0) = T p, (0)s" = py(0)+5p, (0)+5p, (0) -~

= po(O)
Differentiating P(s, t) partially w.r.t. t, we have
oP(st) &0 no_ 2 vex
ot B ngoapn O)st = ngo Py (®)s

(4.4)
= P+ T p, O
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From (4.1), we have p,'(t) + Ap,(t) = Ap,,(t); n > 1

Multiplying this equation by s" and summing over all possible values of n, we have
» p '(t)s" + Ay p ()" = iy p . (t)s" (4.5)
n=1 "N n=1 " na1 -t

where,

£p, 0" = SPG0-p ()
%pn (t)s" = P(st)-p, (1) (from (4.4))

% p,, (1)s" =sP(s,t)

s0, (4.5) becomes

%P(s,t)—po ) = -A(P(st)-p, (t))+/1$P(s,t)

- %p(s,t) = A(s-1)P(st) (p, (1) =2p, (1)

= P(st) = cets Dt

As  P(s,0) = 0

= P(s,t) = &M

Hence, the p.g.f. of the process is given by

- at & (Ats)"
P(s.t _ At =eMZ(
(s,1) Z
= p, (t) = coefficient of s" in P(s,t)
—at (At)"
= >
e n n>0
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= N(t) ~ Pois(At), n =0,1,2..

The characteristic function of this process is given by
4 (3) = E(eisx (t)) _ § e A (Ats)" ™"
: n=0 m

_ em(eis -1)

Deductions:
(i)
E(N(t)) = At
Var(N(t)) = At

i.e., the mean and the variance of N(t) depend on t and as such, the process is evolutionary.

(i) Inan interval of unit length, the mean number of occurrences is A. This is called the parameter of the

process.

(iii)  Poisson process is a continuous parameter, discrete state space stochastic process. But E (N (t)) is a

continuous non-random function of t.
(iv)  Poisson process has independent and stationary (time-homogeneous) increments.

(v)  If E occurred r times up to the initial instant 0 from which t is measured then the initial condition will

be

pr(0)=1, Pn(0)=0Vn¢r
= p,(t) = P(N(t) =n-r)

ot (A"

0, n<r

(vi) Ast — oo, foraPoisson process N (t)
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P(Nt(t) - A2 SJ — 0, where & > 0 is a preassigned number.

Using Chebyshev's inequality for a random variable X,

P(X-E(X)|>a) < Va;(zx); a>0

at
PUt X = N (t) =P(N@M-at|2a) < 51 a>0

o, P[N(t)—ﬂ 2a] < i;
t t a

A
> < =
_8]_5t

> sj =0
N (1)

i.e., for large t, - can be taken as an estimate of A.

~|

Let &= ¢ - P[Nt(t)—/l

= lim P(Nt(t) )

t—w

4.3 Properties of Poisson process

(i)  Additive property: Sum of two independent Poisson processes is again a Poisson process.

Proof: Let N,(t) and N,(t)be two independent Poisson processes with parameters A, and A,

respectively and N (t) = N, (t) + N, (t). Then

P(N(t)=n) = %P(Nl(t):r, N, (t) = n—r)

>

= P(N;(t) =r)P(N,(t) =n-r)  due to independence
0

ﬂ
I

M) e ()™

Ir n-r

- et
r=0
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Lt § () ()

r=0 [ n-r

TR I Y A . A
—eﬁztt(m+u@+gw+

_ e(zluz)ttn((ﬂﬁmﬂe)n ] n>o

_ i)t [((ﬂwz)t)“) 50
n

= N(t) ~ Pois((4 + 4,)t)

Alternatively, let the p.g.f. of N, (t), i = 1,2 be E(sNi (t)) = it
The p.g.f. of N(t) is
E(SN(t)) _ E(SNl(t)+N2(t))
= E(sMM)E(sN2))

— A (s Dtghy (st

_ Ui )

= N(t) ~ Pois((4, +4,)t)

The c.f. of N (t) is
4,(s) = E(eMVW) = E(ePMN 0N ()
= E(eiS(N1(t))E(eis(N2(t))

_ olAtA)tE )

(i)  Difference of two independent Poisson processes.

Proof: Let N,(t) and N,(t)be two independent Poisson processes with parameters A, and A,

respectively and N(t) = N, (t) — N, (t). Then
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PIN()=n) = 3 P(Ny(t) = n+r, Ny(t) =r)
r=0

™ (et
D T

)n+2 r

_ e(ﬂl%)t[ﬂzi(t A
/12 r=0 UM

n

_ ottt [2]2 o (i)

)n+2r

n+r

(

N |

where, () =2

is modified Bessel function of order n (> -1). N (t) is not a Poisson
r=0

=

process.

Alternatively, the p.g.f. of N (t) is

E(SN(t)) _ E(SNl(t)*Nz (t))

= E(sMM)E(sM2 M)

-Ny (1)
= E(s™ (‘))E[;j ’
s

_ euﬁﬁz)te[ﬁ“?}

Then p, (1) is the coefficient of s" in the expansion of E(sN(t))

E(N(t) = (4 -t
E(N2(1) = (A+A)tH(A—4)*t
= Var(N(t)) = (4+2)t
The c.f. of N (1) is
4,(s) = E(eNW) = E(ebMa(ON (1)
— E(eSMN ) E (e N )

= (e -2 )~t(-2)

105



(iii) Decomposition of a Poisson process: A random selection from a Poisson process

Let N (t), the number of occurrences of an event E in an interval of length t is a Poisson process with
parameter A. Further, let each occurrence of E has a constant probability p of being recorded, and that

recording of an occurrence is independent of that of another occurrence and of N (t).

If M (t) is the number of occurrences recorded in an interval of length t, then M (t) is also a Poisson

process with parameter Ap.

Proof:

P(M(t)=n) = > P(E occurs (n+r) times by epoch t and exactly n out of n+r occurrences are recorded)
r=0

i P (N (t)=n+r)P(n events are recorded)
r=0

- < —ﬂt(it)n”@ nar
2% her P
(Aqt)’

= ey P ¥
N r=0 E

= ooat (AP)" g
e B e

_ A ()"

- o (Atp)"

[n [n

= M(t) ~ Pois(Apt)

The c.f. of M (1) is

Apt(e® -1
— pPtet-D)

¢i(s) _ E(eisM(t))

Corollary:
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1. If My (t) is the number of events not being recorded, then My (t) is a Poisson process with parameter
A1-p) = Ag. For example, a Geiger counter records radioactive disintegrations according to a

Poisson law. Also the disintegrations, which have not been recorded, follow a Poisson law.

2. If a Poisson process can be broken up into r independent streams with probabilities
r - - -
P, Py...P; 2 P =1, then, these r independent streams are Poisson processes with parameters
! i=1

AP, AP, ... Ap, respectively.

(iv)  Poisson process and Binomial distribution: If N (t) is a Poisson process then for s <t

PING) =kIN@® =n) = [U@k (1—3”

Proof:

P(N(s) = k,N(t) =n)

P(N(s)=k|N(t)=n) = P(N(t) = n)

_ P(N(s) = k,N(t-s) = n-k)
- P(N(t) = n)

_ P(N(s) = k)P(N(t-s) = n—k)
- P(N() = n)

efls (ﬂS)k efﬂ(tfs) (l(t_s))nfk
Ik n—k
e—ﬂt (ﬂ,t)n
In

I sfes
Sk =k ot

HEIC

(v) If {N(t), t > O}is a Poisson process then the (auto) correlation coefficient between N (t) and N (t + s)

is IL .
t+s
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Proof: Let A be the parameter of the process, then
E(N(T)) = AT; Var(N(T))=AT

E(N2(T)) = AT+(AT)?%; T=t,t+s.

E(N(t)N(t+s)) = E(N(t)(N(t+s)-N(t)+N (1))

E(NZ(T)+E(N (t)(N (t+8)-N (1))

E(N?(T)+E(N () E((N (t+s)-N (1))

as N (t) and N (t+s) are independent.

= A+A%%+4%s

= CoV(N(t),N(t+s)) = At+22t>+22%ts—AtA(t+s)

= At

t

G
JAA(t+s) t+s

= Autocor(N(t),N(t+5s)) =

min(t,t")

In general, P(N(),N(t)) = max(t.t)

Example

(1) M/G/1 queue: Recall the queuing system where customers join the system hoping for some service.
There is a server who serves one customer (if any present) only at time points 0,1,2... The number of
customers Y, in the time interval (n, n+1), are i.i.d. random variables .The service station has a capacity of
at most ¢ customers including the one being served and further arrivals are not entertained by the service
station (lost customers). Further the service times of successive arrivals are assumed to be independent
random variables with a common distribution, say, G. and they are independent of further arrivals. Then
{Xn, n > 1}, the number of customers at time point n is a Markov chain with state space S = {0,1,2...c}.

We have
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A

Y,, if X,=0 and 0 <Y, < c-1
Xy = 1 XpgtYy, if1 < X, < cand0 < VY, < c+l-X,

¢, otherwise
If Y, is a Poisson process, then
o i
P(Y,=1]) = Ielxuﬁ) dG(x);  j=0,1,..
0

and the transition probabilities of the Markov chain {X,, n > 0) are

© ]
Te ) 46 (x). i = 0,j =0
0

i
Py T {)e L”ldG(X)’JZ'l"Zl

0, otherwise.

4.4 Poisson distribution and related distributions

Taking a cue from the above example, we can now identify some distributions, which are closely associated

with the Poisson process.

Inter-arrival time: Let {N (t),t > O0}is a Poisson process with parameter 1. Let X be the interval between two

successive occurrences of the event E for which N (t) is the counting process. Then X, known as the inter-arrival

time is a random variable following an exponential distribution.

We state and prove the following result.

Theorem 4.2: The interval between two successive occurrences of a Poisson process{N (t),t > 0} with

parameter A has a negative exponential distribution with mean % .
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Proof: Let X be the interval between two successive occurrences of {N(t),t > 0}. Let

Fy (x) = P(X < x)be thec.d.f. of X.

Let E; and E; ., be the two successive occurrences of the event E for which N (t) is the counting process

occurring at time epochs t; and t; ., respectively. Then,

P(X > x) = P(E;,, didnotoccurin (t ) |E; occurred at instant t; )

i’ti+x

= P(E,;,, didnotoccurin (t;,t  )IN(t)=1)

i+1

= P(N(x) = OIN(t) = i)

= pp(x) = ™, x>0

Since i is arbitrary, so for the interval X between any two successive occurrences

Fy (x) = P(X<x) = 1-P(X >x)
= 1-e*; x>0
= f(x) = LF’(;X(X) = le™; x>0

= X ~exp(l)

The next result is an extension of this result.

Theorem 4.3: The intervals between successive occurrences of a Poisson process are i.i.d. exponential variables

. 1
with common mean e

Proof: We prove the result by mathematical induction. Let the successive occurrence points of the Poisson

process are 0 <t <t, <... In the earlier theorem, we have proved that the inter-arrival time between two

successive occurrences is an exponential variable with mean e For three successive occurrences, if X; = iy -

ti, i =1,2 are the inter-arrival times, then
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P(X, <x,X,>X,) = P(E,, didnotoccurin (ti+1,ti+1+X2 )IE;,; occuredatt; ;)

i+2
X
= [Ptz >x + X | X3 = x)f(x)dx
0
P(t, > X+%| X; = %) = P(N(t;) =0) = e @
X
P(Xy < %,X; > %) = e %2 [ le#dx
0

e—ﬂ,xz (1_e—ﬂx1 )
Let the result holds for k inter-arrival times X, , X, ,..., X, . Then

P(X; <%, Xy X0 X X0, Xy > Xg)

kxl X X k+1 —lgxi
=1 g)- ég P(Wk+1>_zlxi|X1:X11X2:X21”'szxk)e i=1 Xm"'ka
i=

where

k+1 k+1 k
P(Wy > _lei|X1 =%,X2= X, Xg=%) = P N[ZXiJ—N(ZXi}O
i= i—1

i=1

= P(N(%1)=0)
= P(X, <%0 Xy SXpoo Xy SX Xy > Xg) = € (e M1y (ae M)
= X;, X5,y X are i.i.d. random variables.

The converse of this theorem is equally true, which along with this theorem gives a characterization to the

Poisson process.

Theorem 4.4: If the intervals between successive occurrences of an event E are independently distributed

. . 1 . . .
exponentially with common mean h then the event E has Poisson process as its counting process.
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Proof: Let {Z;, i > 0}be a sequence of i.i.d. negative exponential variables with common mean % , Where,

Z;, = interval between (n -1)th and n™ occurrences of the event E.

Define W, = Z,+Z,+..+Z, as the waiting time up to the n™ occurrence, i.e., the time from origin to the

n™ subsequent occurrence.

Then, W, ~ Gamma(A4,n) with p.d.f.

Gu, (X) = % x>0
t
and c.d.f. FWn (x) = PW, <t) = (j)g(x)dx
Obviously, {N(t)<n} ={W, = Z,+Z,+..+Z, > t},ie thetwoc.d.f's Fu and
F, satisfy the relation
FWn (t) = P(W, <t) = 1-P(W, >t)

= 1- P(N(t) < n)
= 1- P(N(t) < n-1)

= 1- Fy(n-1)
= FupM-1) =1-F, (1)

t gn
= ILXH

| 7lef/lxdx
o N!

©1
= [~y"ledy  (putAx=y)
At
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i
L e—it@ (integration by parts)

j=0

= p_(t) = P(N(t) = n) = Fy(n) = Fy(n-1)

n
_ oA (At)
n!

= N(t) ~ Pois(At); t >0

It may be noted that Poisson process has independent exponentially distributed inter-arrival times and Gamma

distributed waiting times.

The next result explains the purely random nature of a Poisson process.

Theorem 4.5:  If a Poisson process N (t) has occurred only once by the time-point t, then the distribution of
the time interval yin [0,T], in which it occurred, is uniform in [0,T], i.e.,

Pt<y<t+dt|N(T)=1) = ql_—T; O<t<T

Proof: We have
Pt<y<t+dt|N(T)=1) = Ae “dt
P(N(T)=1) = ATe ™
and P(IN(T)=1|y=1t) = e (T is the probability that there was no occurrence of N (t)

in the time interval (t, T ]. Hence,

P(t < y < t+dt,N(T)=1)

P(t<y<t+dt|N(T)=1) = P(N(T) = 1)

P(t <y < t+dt)P(N(T) = 1)
P(N(T) =1)

Ae~Adt.e=A(T-1)
e TAT
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The result can be interpreted as follows:

If a Poisson process N (t) has occurred only once by the time-point t, this is equally likely to happen anywhere

in [0,T]. This is why the Poisson process is purely random.

We state some more results, which further emphasize the random nature of Poisson process.

(M For a Poisson process with parameter A, the time interval up to the first occurrence also follows an

exponential distribution with mean % , .e., if Xq is the time up to the first occurrence, then

P(Xy, >x) = P(N(x)=0)

= p(x) = e, x>0

ie, P(X >x) = e *isindependent of i and t.

(i) Suppose that the interval X is measured from an arbitrary point t . (r > 0) in the interval

(tj ti+1) and not the point t; of the occurrence of E;. Let Y =t — (t;+r). Y is called random

modification of X or the residual time of X. Then, if X is exponentially distributed, so is its random

modification Y with the same mean. In other words, there is no premium for “waiting”.

(iii) Suppose that A and B are two independent series of Poisson events with parameters A; and A,
respectively. Define a random variable N as the number of occurrences of A between two successive

occurrences of B. Then

2
N ~G .
GO(MJ

Let X be the random variable denoting the interval between two successive occurrences of B. Then

f, (x) = A6 2", x > 0. Hence,
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P (A occurs k times in an arbitrary interval between two successive occurrences of B) = P(N =k)

- Ieﬁt(ﬂi)k f(t)dt
= Teﬁl‘(ﬂi)kﬂgeﬂztdt
0

%I tke~ (1 +2)t gt

0

IA"
(A+2)

o (Y
(ﬂi+ﬂg)[ﬂi+ﬂgJ : k=0,1,2,..

(iv) The above property can be generalized to define what we call as a Poisson count process.
Poisson count process: Let E and E' be two random sequences of events occurring at instants
(t,,t,,...) and (t, ',t,',...) respectively. The number, N, of occurrences of E' in an interval

(t,,.t,) is known as the count process of E' in E.

If E is a Poisson process, then the count process is called the Poisson count process.

If, along with E, E' is also a Poisson process then the count process N, has a geometric distribution.

N, (n=1,2...) are i.i.d. geometric variates.

(v) Suppose that A and B are two independent series of Poisson events with parameters 4; and A,
respectively. Define a random variable N as the number of occurrences of A between two successive

occurrences of B. the interval between two consecutive occurrences of B is the sum of two independent

. . .. . —A
exponential variates and has the joint density f (x) = }Lzzxe 2*
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f (x)=,0" 2 f (X)=,0" 2

f (x)=4,%xe™ 2%

o k
- P(k occurrences of A between every second occurrence of B) = | e‘ﬁ‘%ﬁte“z‘dt
0

k o
A
0

=

_ A |k+2
K (+2,)<?

k+1)( 4, 2 A k
:[ 1](@@] (MAQJ k=012

i.e., the distribution is negative binomial (convolution of exponential distribution).

4.5 Generalizations of Poisson process

In the classical Poisson process, it is assumed that the conditional probabilities are constant, i.e., the probability

of k events in the interval [t, t +h] given occurrence of n events by time-point t is given by

Jhto(h), k =1
p, () =P(N(W) =k |N®) =n) = jo(h), k=2
1-2h+o(h), k =0

i.e., pk(h) is independent of n as well as t. This process can be generalized by considering 4 no more a constant

but a function of n or t or both. The generalized process is again Markovian in nature.

This generalized process has excellent interpretations in terms of birth-death processes. Consider a population of
organisms, which reproduce to create similar organisms. The population is dynamic as there are additions in
terms of births and deletions in terms of deaths. Let n be the size of the population at instant t. Depending upon

the nature of additions and deletions in the population, various types of processes can be defined.
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45.1  Pure birth process: Let A is a function of n, the size of the population at instant t. Then

p(k,h|n,t) = P(N(h)=k|N(t)=n)

A.h+o(h), k=1 (4.6)
= j0(h), k>2
1-2,h+o(h), k=0
Then,
p,(t+h) = p, (O)(A-AN)+p,, ()4, _h+0o(h), n>1
Py (t+h) = py(t)(d-A,h)+o(h)
= p,'(t) = -4,p,(t)+4,,p,,(t), n>1 4.7)
p, (0 = 4 p_(1) (48)

This is a pure birth process (only births are there and no deaths as k is a non-negative integer). For specified

initial conditions, an explicit expression for p,(t) can be obtained.

Depending upon form of A,, different processes can be obtained.

(i) Yule-Furry process: Let 4, =nA . Then (4.7) and (4.8) can be written as

p (1) -nip (t)+(n-Aip . (t), n>1

Il
o

(t

p, (1)

Let the initial conditions be p1 (0)=1;, p (0) =0V i=1, ie., the process starts with only one
1

member at time t = 0.
Using principle of mathematical induction, we now, obtain an expression for py(t).
Forn=1,

At

p1|(t) = _ﬂpl(t) = pl(t) = C197 ;

c, is the constant of integration.
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Att=0, pl(O) =1= cl =1

= p () = e M

Forn=2,
P, '(t) = —24p, (1) +Ap, (1)

= p,(t) + 2Ap,(t) = 2"

Integrating factor for this equation is e**'

= eMp,(t) = [1e*MeHdt = ¢, +e”
t

Since p2 0) =0= c2 = -1

Let P (t) =e M @-e")r?

Now,
p, (t)+nip,(t) = (n-1)4Ap, (1)

— (n-1)e M (1—e My

Multiplying both sides by e™** , we have

e™p (t) = A(n-1)[e™e H (1 M) 2dt = ¢, +e" VM (1-e )"
t

Since p,(0) =0 =1¢, =0

n

—Aty\n-1
)

= p,(t) =e " (@1-e n>1

and py(t) =0

= {p, (t),n =1} has geometric distribution with parameter e *and p.g.f.
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452

P(s,t) = ile*“ (e #)ntgn
n=

se” At

1-s(1-e *)

E(N() = P(sit)sy = e*

Var(N(t)) = e (e™ -1)

Birth and death process: Now, along with additions in the population, we consider deletions also, i.e.,

along with births, deaths are also possible. Define

g(k,h|n,t) = P(number of deathsin (t,t+h) =k |N(t) =n)
uh+o(h), k=1

= {o(h), k>2
- h+o(h), k=0

(4.9)

Forn >k, uy =0

(4.6) and (4.9) together constitute a birth and death process. The probability of more that one birth or

more than one death is o (h). We wish to obtain

Py (1) = P(N(t) =n)

To obtain the differential-difference equation for p,(i), we consider the time interval

(0,t+h) = (0,t) + [t,t+h)

Since, births and deaths, both are possible in the population, so the event {N (t+h) = n, n > 1}can occur
in the following mutually exclusive ways:

By = n—i+ j individuals at time-point t, i births and j deaths in (t,t +h)

i,j=0,1,2..

It is easy to see that P(E;.i+]>2) =o0(h). Therefore,

p,(t+h) = P(Ey)+P(E,)+P(Ey,)+P(E,)

where,
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P(Ey) = P(nobirthand nodeathin (t,t+h)|[N(t)=n)

P(Ep) = Pn1(t)(Ansh+o(n))(1-sn1h+o(h))
= P ()(A-sh+o(h))
P(Ep) = Ppoa (A= 4,10 +0(h))(4y,.0 +0(h))
= Pnaa (D(#ah+o(h))
P(Ew) = pn(t)(4h+o(h))(uyh+o(h))
= Pn(t)(0(h))
= o(h)
Sofor n2x1
Po(t+h) = p, (A= (4, +2,)0) + Py ()4, 10+ Py () ay b +0(h)
= Pn'(t) = —(An+un) Pn (D+An-1Pn-1 (D+2n1Pn4a (1)
Forn=0
Po (t+h) = po ()A—=Ah+0(h)(A-5h+0(h)) + p (t)(1-Ah+0(h))(zh+o0(h)

P (1)(A=A,h+0(h)) (1, h+o(h))

Pn (1)(A=( 4 +40 ) h+0(h))

= Po () = Aohp (1) + 15 hpy (t) +0(h)

= py(t)

= _ﬂvo Po (t)"‘ﬂlpl (t)

Initially at t = 0, if i organisms are there in the population, then

(4.10) and (4.11) represent the differential-difference equations of a birth and death process.

We make the following assertion:

D, (0) =0, n=i

P (O) =1
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For arbitrary A, > 0, x, > 0, there always exists a solution p, (t)(=0)such that P, ) <1.1If
n

n and 4y, are bounded, the solution is unique and satisfies >, P, (t) =1.
n

453

(i)

(i)

(iii)

(iv)

Births and death rates: Depending upon the values of A4, and x,, various types of birth and death

processes can be defined.

Immigration: When 4 =4, i.e., A, isindependent of population size n, then the increase in the

population can be regarded as due to an external source. The process is, then, known as an

immigration process.

Emigration: When x, = u, i.e., g, isindependent of population size n, then the decrease in the

population can be regarded as due to elimination of some elements present in the population. The

process is, then, known as an emigration process.

Linear birth process: When A, =ni, then A4 h = nih, is the conditional probability of one

n

birth in an interval of length h, given that n organisms are present at the beginning of the interval.

A, = A isthe birth rate in a unit interval per organism. 4 =0.
0

Linear death process: When . = nu , then the process is known as a linear death process.

When the specific values of both A and 4, are considered simultaneously, we get the following processes:

(i)

(i)

Immigration-emigration process: When A = Aand g, = u, the process is known as

immigration-emigration process. This is an M/M/1 queue.

Linear growth process: If for a birth and death process

P (an element of the population gives birth to a new member in a small interval of length h)

= h+o(h)
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(@)

= P( one birth in interval (t,t+ h)|N(t)=n) = nih+o(h)

and

P ( an element of the population dies in a small interval of length h) = xh+o(h)

= P( onedeathinan interval (t,t+ h)|N(t)=n) = nuh+o(h)

i.e., if for a birth and death process, 4,= nA and g, = nu (n > 1); 4,=u,=0, then the process is a

linear growth process.

This process, which is evolutionary in nature, has extensive applications in various fields,

particularly, in queuing theory. Now we shall analyze this process.

The differential-difference equations for this process are
p,'(t) = —n(A+u)p,(t)+(n-D)Ap,  (t)+(n+L)up,,(t), n>1 (4.12)

and Po (1) = upy(t) (4.13)

Generating function: Let the p.g.f. of {p, ()} be

P(st) = 3 p, ("

0 _ 3 n-1
Then, Pl = Elnp“ (t)s
and Op(sit) = ¥ p (1)
ar St = 2k,

Multiplying (4.12) by s", summing over n = 1,2,3... and then adding (4.13) to the result, we have

P (0)+ % p, (0" = ~(2+ )X p (0" 423 (1-0)p,, "+ S (M), (1) + s (1)
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oP 2 OP oP
= a5 = —(/’L+y)s—+/13 a5 TH s

= (u- (A s+ as) T

Under the initial condition N (0) = i, the solution of this partial differential-difference equation is given

by

_ [ ns)(u-rs)e |
Pl = {A(l—s)—w—zs)e-“‘”“J @19

Expanding P(s,t) as a power series in n, we get p;, ().

(b)  Mean population size: Differentiating P(s,t) w.r.t. s partially at s = 1, we get the mean population

size M(t) as

M (t) = apéf’t) _ je (ot

0, if A<u
Ast —»> o0, M(t) = o0, if A>u
i, if A=u

Since this method involves differentiation of a not-so-easy p.g.f., so obtaining M(t) may be a bit involved

exercise. Alternatively, M (t) can be obtained from (4.12) and (4.13) directly.
Now, M(t) = E(N(t) = Zlnpn (t)
n=:

Multiplying both sides of (4.12) by n and adding over different values of n, we have

S (1) = ~(A+m) 3 0p, (O+2 n(0-D)p,, (O + w3 (D), , (1) (4.15)
where,
Sn(0p,, ©) = S0, O+ (1-)p,,
= M, (t)+M(t)
where, M () = E(N' () = Zn?p, (1)
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and,

n%n(ml) P, (1) = ré(nﬂ)Z P, (t)—é(nﬂ)pn+1 (1)

(M, (£)-p, (1)~(M (1)-p, (1))

M, (t) - M (t)

and, > np, '(t) = M(t)
n=1

Therefore, from (4.15), we get

M'(t) = —(A+ )M, (t)+ A (My(1)+M (1)) + (M, (1)-M (1))

= (A-M (1)

= M) = ce”_”)t, ¢ being the constant of integration.

Initially, M(0) =i = ¢ = i= M(() = ie(ﬂ*ﬂ)t

Again, from (4.12)
S0%p, (1) = ~(2+m) ', O+ 2T (D, (0)+ 4% 07 (MD)p,, (O

= M,(t) = —(my)ms(t)u,i_l((n—1)3+(n—1)z+n(n—1))pn,l (t)

iy (41’ ~(n+1)2-n(n+1))p,_, (1)
n=1

= My (t) = 2(A-u)My (1) + (A + )M (1)

on M, ‘(1) —2(A—u)M, (1) = (/1+,Ll)ie_““_”)t

2(a- i(A+ (-
= M,(t)e 204t _ 7(/1_;1)e (A=t ¢

Initially, M, (0) = i
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= C= iz—l(/H‘u)
A=

. (A1) ot o 1(A)
M. (1)e-20-mt = TATH) (i g2 _1(A+a)
= 2(t)e g e +i p

Var(N(t)) = %e”’”)t (e#t1),if 2 # u

If A =u, then
M,'(t)= (A+u)M(t) = i.24
= M,(t) = i.2t+c

At t=0, M2 (0) = i?

= M, (t) = i.24t+i?

and Var(N(t)) = 2iit

(c) Probability of extinction: Since 4g=0, so 0 is an absorbing state, i.e. once the population reaches
0, it remains thereafter and the population becomes extinct.
Without any loss of generality, let N (0) = 1. Then (4.14) becomes

—o)—( y— —(A-u)t
P(s.t) = 1(1-s)—(u /15)6_ e
A(1-5)—(u—As)e”A#)
I D TV R itad
(A—pe (A=) _jg(1-e~(-mt)
a(, bs
a-bs E(l_gj
c—ds 1_ds
c
where,

a = u(l-e
b = p—ae (At

¢ = A—pe” (At

d = 1-e
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a _ p(l-e

So, r W = P(N(t)=0) = po(t)
P ( the population will eventually become extinct) = lim p, (t)
t—>wo
 p(l—em (maty A e1ifa>u

1, ifA>u

and limp,(t)=0forn=0if A< u.
t—owo

The physical interpretation of the probability of extinction is that if the birth rate is less than the death
rate in a population, the population will ultimately become extinct with probability 1. If birth rate is

more than the death rate, then the population becomes extinct with probability less than unity.

(iii)  Linear growth with immigration: For linear growth, A, =0and once the population reaches 0, it is

bound to remain there itself and 0 becomes an absorbing state. However, if we assume that along
with births, additions in the population are possible through immigrations also, i.e., some organisms

from some other populations may also join the population under consideration, then
A,= ni+a (a>0)and x,= nu (n=>1); 4,=a,x,=0 and state 0 is no longer an absorbing

state. As soon as the birth rate reaches 0, some other organisms join the system and the population
will never become extinct (reflecting barriers). This process is the process of linear growth with

immigration.

(iv)  Immigration-death process: If 4, = 4 and g,= nu (n > 0), then the birth rate is constant and

death rate is a linear function of n, then the process is known as immigration-death process. This is

the self-service model of the queuing theory (M / M/ o).

(v)  Pure death process: In this case, 4,= 0 V n, i.e., no new births other than those present at the

beginning of the process, are possible and
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P( ofadeathin (t,t+h)) = uh+o(h)
so, P(ofadeathin (t,t+h)|N(t)=n) = nuh+o(h)
This process is called a pure death process.
Now, for this process 4,= 0 and g, = nu (n > 0)
= py(t+h) = p,(t)A-nwrh)+p,,, (t)((n+1)xh) +o0(h)

= p,'(t) = —nup, (t)+(n+1)up,,,(t), nx1 (4.16)

and,
Po (t+h) = po(t)+ p, (t)(xh)+0(h)
= Po l(t) = ,upl(t)

(4.17)

(4.16) and (4.17) are the differential-difference equations of a pure death process.

To obtain an expression for py(t), we assume that initially i individuals were present when the process

began.
Forn =1,
pi () = —iup;(t)
= L(t) = —iu
p, ()
or, Sinp ) = ~iu
=Y (t) = ce_i"t, ¢ being the constant of integration.
Initially, p(0) =1=c=1= p(t) =e™
Forn=i-1,

Pig () = = (=D upy () +iup; (1),

= Py O+ =Dupiy (1) = iup(t)
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Integrating factor for the equation is ' ™"

d, (- R
= € P ) = e

or, e™MHp () = [igeHdt = —ie " +c

Att =0, ¢c = -i
. —uty —(i-1) ut i —uty —(i-1) ut

= piy(t) = i@l-e)e = [J(Le #y e tbH

Proceeding in the similar manner, we have

p, (1) = [in](l—e”t)i" e ™ n=0012.,1i

Now, we proceed to obtain mean and variance of a pure death process.

Multiplying (4.16) by n and summation over all possible values of n, we have

M8

np, () = —ﬂénzpn (t)+y§ln(n+l)pn+l (t)

n=1

= —uM, (1) + 1 (M, (1)-M (1))

where,
M, (1) = E(N' (D) = Sn%p, (0
and, M (1) = E(N@) = Zmp, (0
= M(t) = —uM ()
= M(t) = ce
Initially, M(0) = i = ¢ = i= M(t) = ie .

Again, from (4.16)
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%nzpn (t) = —y%nspn (t)+ﬂ%nz(n+1) Py ()

= —uMg (t)+p((n+1)°~(n+1)°-n(n+1))p, , (1)

= — M5 (1) + (M3 (D)-p, (1)-M; (1)+p, ()M (£)}+M (1))

where, M, (t) = éln?’pn ) = M,(t) = —2uM,(t)+M (1)
or, M, (t)+2uM, (t) = iue ™

= e**M,(t) = ie" +c, where cis the constant of integration

Now, M, (0) = i*= ¢ = i’ i
= M,(t) = iue " +(i% i)
= Var(N(t) = ie*“@-e*)

Problems

An investment agent sells short-term investment policies which are, in general, either for one-year or

for two-years. He is able to sell policies according to a Poisson process with rate 100 per month when

with probability 0.6, he sells one-year policies and with probability 0.4, he sells two-years policies. If

he receives a commission 10% for one-year policies and a commission 12% for two-years policies, find

his expected gain as a percentage of business done by him. What is the variance of his income?

A radioactive source emits particles at a rate 5 per minute in accordance with a Poisson process. Each

emitted particle has a probability 0.75 of being recorded. Find the probability that in a 10-minute

interval exactly 20 recordings will be there. What is the probability of recording atlas 20 emissions

during the same time-period?
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3.

If N; (t) and N, (t) are two independent Poisson processes with parameters A, and A, respectively, then

show that
PN, (1) = k| N, (0)+ N, (1) =) = [Ej pa" "

%! A

where

P e T A

If, for an interval of very small length h, one success can occur with probability Zh or no success with
probability 1-4h, then the limiting distribution when the number of such (non-overlapping) intervals n

tends to infinity is a Poisson process.

Suppose that customers arrive at a counter in accordance with a Poisson process with a mean rate of 2
per minute. Find the probability that the interval between two successive arrivals is

(@) more than one minute (b) less than 4 minutes, and  (c) between 1 and 3 minutes.

In a nuclear physics experiment, radioactive particles from two different sources have been directed to
strike at a screen. Arrivals are according to independent Poisson processes with mean rate A per minute

from the first source and u per minute from the second source. Then show that the interval between any

two successive arrivals has a negative exponential distribution with mean T per minute.

For a linear growth process, find the probability of ultimate extinction When the process starts with i

individuals at time 0.
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