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Introduction

Stochastic processes are families of random variables, which are functions of, say, time. For example,

1

Consider throwing a die. From this experiment, we can define several stochastic processes.

M Let X, is the outcome of the n'" throw, n >1.Then {X, ,n =1} is a family of random variables
such that for a distinct value on n we get a distinct random variable. This process is known as
a Bernoulli process.

(i) Let X, is the number of aces in the first n throws of a die. For a distinct value on n we get a
distinct random variable X

(iii) Let X, is the maximum number shown in the first n throws. Then {X,, n > 1} is a stochastic
process. If Y, is the minimum number shown, then {Y,, n > 1} is also a stochastic process.

Also, {(X, Yn), n >1} is a stochastic process, which is defined in two dimensions.

Consider that there are r cells and an infinitely large number of balls. Let the balls are thrown at
random, one by one, into the cells, the ball thrown being equally likely to go into any one of the cells.
Suppose that X, is the number of occupied cells after n throws. Then {X,, n >1} is a stochastic process.
Another stochastic process can be defined by a random variable Y, that denotes the number of balls in

i" cell after n throws. Then, fori=1,2...r, {7, 1 <k <n, n > 1} is a stochastic process.

A model for system reliability can be described with the help of a stochastic process. Consider a system
consisting of a number of components, which work simultaneously. When all the components are
working, the system is in state 1, and it continues to be in that state for some time. If one or more
components of the system fail, the system stops working till it get repaired. A failed system is in state
0. Let X, is the random variable denoting the state of the system at n" time point. Then {X,, n >1} is a

stochastic process.

Brownian motion: a molecule in a uniform medium (e.g. a liquid or a gas) displays perpetual random
movements, which are caused as a result of several forces exerted by the surrounding particles. This
motion is called Brownian motion. Let X (t) be the position of the particle at time t, in terms of its
distance from its initial position. Obviously X (0) = 0. Then {X (t), t € T}is a stochastic process, known

as Brownian motion process or Wiener process.

Consider a random event occurring in time, such as, number of telephone calls received at a
switchboard. Suppose that X (t) is the random variable, which represents the number of incoming calls
in an interval (0,t) of duration t units. The number of incoming calls in a specified duration is a random

variable and {X (t), te T} constitutes a stochastic process, T = [0,0].



1.2 Specification of Stochastic Processes

(i)

A stochastic process may be specified by its state space and the time. We now define these two quantities.

State space of a stochastic process: is the set of all possible values of an individual random variable X,..

Discrete state space: If the state space of a stochastic process contains a finite or a denumerable infinity of
points then it is called a discrete state space, e.g., in example 1(i), {1,2,3,4,5,6} is the state space. The state
space in example 1(ii) is given by {0,1,2...n, n > 1). We can write X, =Y, + Y, + ... +Y,, where Y; is a
discrete random variable denoting the outcome of the i throw and takes values 0 and 1 according as the i™"

throw results in an ace or not.

Continuous state space If a state space contains infinitely many points, it is called continuous state space.
For example, consider X,= Z; + Z, + ... + Z,,, where Z; is a continuous random variable assuming values in
[0,0), then the state space of X, is the interval [0,00). Wiener process is also a continuous state space

process.

Time of a stochastic process: is the instant over which the stochastic process is defined.

Continuous time stochastic process: are those stochastic processes for which the state of the system is
characterized at every instant over a finite or infinite interval.

The number X (t) of incoming calls at a switchboard in an interval (0,t). Here the state space is discrete
while the time of the process is continuous. Similar is the case of system reliability model.

If X (t) is the maximum temperature at a particular place in (0,t), then it is a continuous state space
stochastic process defined over continuous time. Wiener process is a continuous time, continuous state

space process.

Discrete time stochastic process: are those that are defined over distinct time points, e.g., if X, is the total
number of sixes appearing in the first n throws of a die, then the ‘time n’ implies the throw number n. This

is discrete time, discrete state space process.
The process defined by X = Z, + Z, + ... + Z_, while Z is a continuous random variable in [0,c) is a

discrete time, continuous state space process.

A discrete time stochastic process is also known as a stochastic sequence. In this case, time is a term or
parameter associated with the stochastic processes in general. It may be number, distance, thickness or any

other characteristic.



Stochastic processes may be multidimensional also, e.g., X(t) = (X1(t), X2(t)) where X(t) represents the
maximum and X,(t) is the minimum temperature at a place in an interval (0,t) is a two dimensional

continuous time, continuous state space process. The process defined in example 1(iii) is a discrete time,

discrete state space two-dimensional stochastic process.

Processes with independent increments: A continuous parameter stochastic process {X (t), 0 <t < oo} is said
to have independent increments, if for all choices of indices ty <t; <t, < ... <t,, the random variables X (t;) - X
(to), X (t2) - X (tp)... X (t,) - X (t..1) are independent.

In case of discrete parameter process, if T ={0,1,2...}, ti = i-1 and X (t;) = Xi.1, then Z; = Xi- X;1, i =1,2... and
Zo = X, are independent.

For a stochastic process with independent increments if the distribution X (t) and X (t)-X(s), t,s>0 are known,
then the joint distribution X(t;) - X(t), X(t2) - X(t1),... X (t,) - X (t,.1) can be obtained by simple multiplication of
probabilities.

Markov process: A stochastic process {X (t), 0 <t <o} is said to be a Markov process if given X(s), the value
of X (t), t>s is independent of values of X (u), u < s, ie. if for t{ < t, < ... < t, <t
P(a < X(t) <b| X(t) = x,... X(t,) =x,)=P(as< X()<b| X(t,)=x,),then {X({),teT}isa
Markov process. This physical interpretation of this process is that the future states of this process depend only

on the (given) present state, and are independent of the past states.

A discrete parameter Markov process is called a Markov chain.

Sample function of a stochastic process: A stochastic process {X (t), t € T} can be viewed as a function of two
arguments, {X (t,s),t € T, se S}, S being the sample space of the random variable X. For a fixed sin S, X (., s)a
function of t, is a possible observation on the stochastic process {X (t), t € T}and is called a realization or a

sample function of the process.

1.3 Stationarity of the stochastic processes:

Stationary processes: A stochastic process {X (t), t € T} is called a stationary process of order n if the joint
distribution of random variables (X (t1), X (t,)... X (t,)) and (X (t, + h), X (t; + h)... X (t,, + h)) remains same for
allh>0.

If this condition holds for any n, then the process is called a strict stationary process.

Stationarity of a process implies that the probabilistic structure of the process is invariant under the translation

of time-axis.



If mean of a stationary stochastic process exists, then for all real h, E (X (t)) = E (X (t+h))

= E(X(t)) = m(constant,independent of t)

If any without any loss of generality, we assume that m = 0 and if C(s,t) exists, then
C(s,t) = cov(X(t), X(3))

E(X(®)X(s))-E(X())E(X(s))

E(X()X(s)) = E(X(t+h)X (s+h)) Vh>0

E(X(t-s)X(0)) for t = —s

= C(s,t) = R(t—s|)

Second-order processes: A real valued, continuous time stochastic process is called a second-order process if

E(X (t))2 < o, i e., second order moments are finite.

Mean-value function and covariance kernel of a stochastic process: Let {X(t), t € T} be a second-order

stochastic process. The mean-value function m(t), for all t € T, is defined as m(t) = E(X(t)) and the

covariance kernel C(s,t) is defined as
C(s,t) = cov(X(s), X()) = E(X(s)X(t))—E(X(s)E(X())

A covariance function (also known as auto covariance function) satisfies the following properties:

P1: It is symmetric intand s, i.e. C(s,t) = C(t,s).
P2: Schwartz inequality holds, i.e. C(s,t) = /C(s,5)C(t,t) .
P3: It is non-negative definite, i.e.

n n n
> > aialtt) = E(XajX.)* =20
j=lk=1 j=1 J

P4. Closure property: The sum and the product of two covariance functions are again covariance

functions

Then, we can define a covariance-stationary process:



A stationary stochastic process {X(t), t € T} is called a covariance-stationary process if it possesses finite
second moments, the mean function is independent of t and the covariance kernel C(s,t) is a function of the
absolute difference | s-t | only.

Evolutionary process: A process, which is not stationary, i.e. its distribution doesn’t remain stationary as the

time progresses, is called an evolutionary process.

Guassian process: If for a stochastic process {X(t), t € T}, the distribution of ( X(ty), X(t2),... X(t))) V ty, to..., tp
e T, is multivariate normal , then the process is known as a Guassian process.

If a Guassian process {X(t), t € T} is stationary, then it is strictly stationary.

Martingales (Fair game processes): If for a stochastic process {X(t), t € T},

E(X, | X X X
( tj| tj—17 tj—27 t.

peey X = X, ;ti<t<..<t.
j-2 o) UERRE

j € [ty, ) almost

surely, then {X(t), t € T}is called a martingale.

Point process: An integral-valued, continuous time stochastic process {X(t), t € T}is called a point or a
counting process if the cumulative count can only increase as the time progresses. Poisson process is a point
process.

Additive process: Let {X, ,n > 1} be a sequence of i.i.d. random variables taking only the non-negative values.
Let

Then,
S, = S, +X,

n

= P(S,=jlS,4=1,..5,=0) = P(S,=]jl|S,;=1) =P(X,=]j-1)

Then {S, ,n > 1} is called an additive process.

Examples:
(1) Let X, ,n > 1 be the outcome at the nth throw of a die. Then

E(X,) = %(1+2+3+4+5+6) = %

C(hm) = cov(n,m) = E(X,X,,) = 0, m#n

65
= — m=n
18

= C(nm) = R(In—-m])

and hence {X, ,n > 1} is a covariance stationary process.



Since X, are identically distributed, then {X, ,n > 1} is strictly stationary.

2 Poisson process: is an evolutionary process.
Consider the process {X(t), t € T}with

—at (at)"
n!

P(X(t)=n) = e ,a>0,n = 012..

mt) = E(X() = at

C(s,s) = var(X(s)) = at

As mean function and covariance function are functions of t, hence the process is evolutionary.

3) Consider the process X (t) = A + At, where A; and A, are independent random variables with E(A;)
=a;and Var(A) = aiz, i = 1,2.We wish to verify whether the process is stationary or evolutionary.
m(t) = E(X(t)) = a +a,t
E(X(MX(5)) = E((A +AD(A + As))
= E(A?)H(s+)E(AA)+SE(A?)

= (612+8.12 )+(S+t)ala.2 +St(022+3.22)

=Cov(X()X(s)) = E(X()X(s))-E(X()E(X(5))

(0'12+a12)+(s+t)a1a2+st (0_22+322 )—(a1+a2t)(a1+a23)

2 2
= o, +sto,

which is not independent of t. Hence the process is evolutionary.

4 Consider the process
X (t) = Acos(wt) + Bsin(wt)
where A, B are uncorrelated random variables, each with mean 0 and variance 1 and w is a positive

constant. We want to find if the process is stationary or evolutionary.

We have



m(t) = cos(wt)E(A)+sin(wt)E(B) =

E(X(t)X(s)) E ((Acos(wt)+Bsin(wt))(Acos(ws)+Bsin(ws)))

E (A?)cos(wt) cos(ws)+E (AB)(cos(wt)sin(ws) +cos(ws)sin(wt))+E (B?)sin(wt)sin(ws)

cos(w(s—t)) as E(X(t))? = var(X(t) =

= C(s,t) = cos(w(s-t))

Thus first two moments are finite and covariance kernel is a function of difference | s-t | only, hence the

process is covariance stationary. The sample function of this process, in fact, represents sine waves of

amplitude R and phase 6, where, R = VA2+B% ; 6 = tan™ (%).

(5) Let X, for n even, take values +1 and -1, each with probability % and for n odd, takes values

+/a, —715 , with probability ﬁ, % respectively. (a is a constant number > -1 and not equal to

0 and 1). Further, X, let be independent. Show that {X,}is covariance but not strictly stationary.

Sol: When n is even
1
P(X, =1 = 5 = P(X, =-1)
When n is odd
-1 a
P0G =VE) = o POy =72) = 25
1% +(- 1)7 = Owhen n is even
wE(Xp) = Zn P(X, = 1 a
n
= h
a+1 J_a+1 0 when n is odd
. E(X,) =0 vn.
Also, E(X X)) = 0 if n # mas X, are independent.
E(X,?) = Zn’P(X, = n)
n
) 1% + 1% =1, ifniseven
a-t 1@ _ 1ifnisodd
atl aa+l

= Var(X,) = 1vn.



Thus, first two moments are finite with 0 mean and constant second order moments. Hence the process

is covariance stationary.

Now, consider the random variables X, , ..., Xy, where t, =1, t, =3,.., t = k™ odd number and

ti 1

h =1.= t,+h=2,.1t +h=k"even number. Then X Xy and X

Y rh

identically distributed. Hence the process is not strictly stationary.

Xy o are not

(6) Let Y, = a,X, + & X, ; (n=12,.) where ay, a; are constants and X, (n = 0,1,2,...) are i.i.d.
random variables with mean 0 and variance o2 Is {Y,, n > 1} covariance stationary? Is it a Markov
process?

Sol:

E(Y,) = a,E(X,)+aE(X, ) = 0
E(YnYm) = E((a()xn + alxn—l)(aoxm+ a1Xm—1))

aozE(anm) + aoalE(XmXn—1+anm—1)+312E(xn—1Xm—1)

a’+a%, ifn=m

agq, ifn=m-1 or m=n-1

0, otherwise

Since the second order moments are finite, mean value function is independent of t and covariance kernel is a

function of | n-m | only, hence the process is covariance stationary.

Now,

ECY L 1Yo Yo) = E@y X, +8,° X2 +2802, X, Xy | Yoo Vo)

= (a’+a’)o’
2
= E(Yn+1 )
Hence the process is not Markov.
Kk
(7 Let X(t) = 2 (A cosét + B,sin g, t) where A, B, are uncorrelated random variables with mean 0,
r=1

variance o”and Or are constants. Show that { X(t) }is covariance stationary.

Sol:



E(X (1) = i(E(Ar)cosert + E(By)sing,t) = 0
r=1

E(X(t),X(s)) = E[

K k
> (A cosét + B,sing,t)Y (A cosd,s + B,sin Hrs)j
r=1 r=1

k K
= Y (E(A?)cosétcosd,s + 3 E(B,%)sing,tsing,s
r=1 r=1

as A, and, B, are uncorrelated

K
= 2 (cosértcosh,s + sing,t siners)a2
r=1

k 2
= X (cos(t-s)6,)o
r=1

which depends on | t-s | only. Hence { X(t) }is covariance stationary.

(8)

Let X(t) = Ay +At+ A2t2 , Where A;, i=0,1,2 are uncorrelated random variables with mean 0 and

variance 1.Find the mean value function and covariance function of {X(t)}.
Sol:

mt) = E(X(t)) = E(A +At+At) = 0

Cov(X(1),X(s)) = E(X(t)X(s))

E((Ao+At+AR?) (Ag+As+As?))

E(Ap)+StE(A®)+PE(A?)
= l+st+t?

and Var(X(t)) = 1+t*+t*

(9. )  Find the covariance function of {Y,} given by

Y, = X, + X 45 +..+aX ., n=12.

where a;'s are constants and X,'s are uncorrelated random variables.
Sol:

E(Yn) = ianfrE(Xr)
r=0

E(Y,Y,) = E[(rioanrlz(x,)j [rioamrE(x,)D

= E((@ X, +a X, +..a X )@X +a X, 4 +..a X )
Since X|'s are uncorrelated so

10



Cov(X;, X;) = E(X;X;)-E(X)E(X;) = 0

= E(X;X;) = E(X))E(X;), i#]
Without any loss of generality, let

E(X;) =0
Var(X;) =1

ag’+a > +..4+a,2, ifn=m
k—1+i A A A
= E(Y,Y,) = { X &8, ifn=m-i orm=n-i
r=0
0, otherwise
and E(Y,) =0

ap2+a2+.+a.2, ifn=m

K—L+i
= cov(Y,,Y,) = Zﬂaram_i if n=m—i or m=n—i
r=0
0, otherwise
1.4 Tools and Techniques of Stochastic Processes.

Although several statistical techniques can be used in dealing with the stochastic processes, yet generating
functions provide a powerful tool for dealing with the same. The principal advantage of this technique is that a

single function may be used to represent a whole set of individual terms.

Definition (Generating Functions): Consider a sequence ag, aj, ...an,... of real numbers. Define a function
A(S) = a; +as +as +.. = Yas" (1.1)

If this power series converges in some interval -s; < s < s, then A(s) is called generating function of the
sequence {a,} and the interval -s, < s < sis called the radius of convergence.
Within the radius of convergence,

d 0 0 d
— > as" = Y —as"

1.2
ds no n=o0 ds &2

If A(s) is differentiated k times at s =0, i.e.

11



dk
4k AB) oo = Kla
(1.3)

1 d
8 = i ger Ao

Probability Generating Function: If X is a non-negative integral-valued random variable, assuming non-zero

probabilities, i.e.

PX=K)=p ,k=012,..;>p, =1
k K k
Then, the series defined by

P(s) = py + PS + p252 + .. = § p s" (1.4)

is called the probability generating function of the random variable X. The series is necessarily convergent and
infinitely differentiable. Also,
P =1

The p.g.f. P(s) determines {pi} uniquely. Also,

P(s) = ¥ Pr{X = k}s* = E(sX) (15)
k=0
We have the following results:
R1: PY(s) = P, +2P,S+3p,8° +... = 5 kp, s“*
k=1
= P = 3 kp, = ¥ kP{X =k} = E(X) (L.6)
k=0 k=0

R2:

P"(s) = é k(k-1)p, s

= P"(1) = é)zk(k—l)P(X = k) = E(X(X-1))

Hence, Var(X) = E(X?) — E3(X) = E(X(X -1)) + E(X) — E*(X)

=P"Q) + P'Q - [P'OF (L.7)

R3: The k™ factorial moment is given by

dk
E(X(X-1)..(X-k+1)) = i

?P(S)‘s:l, k=12,.. (1.8)

12



R4:

1 1 5 1
[P(s)ds = [> p,sds = X ps'ds
0 0k=0 Koo
1
- I = Elok)
RS: Let g = P(X>K) = pg+ P+ k=0,12,...

= O = O = Pru

= X2 -5 X oS

0
Z p
K=0 k S K0 K=0 k+1

= Q) - L[Q(S) - 6] = £[P(S)- o]

and, Gy =P + Py, +..= 1=p,
_1P(s)
= Q@) = (1.9)
R6:  Let ro= w, k=12,..

= kr = P(X>k-1) = q,,

S pep oK1 - k-1
= Xkis™ = 2q, s
k=1 k=1

da2 , d
= Q(s) = EkElrks = ER(S)
S
or, R(s) = [Q(y)dy, where R(s) is the generating function of {r.}.
0

R7: Let X be arandom variable with p.g.f. P(s). LetY = mX +n; mneIl, m= 0

= R(s) = Ps") = Ps™™) = s"P(s™)

= s"E(s™”* = s"R, (s™)

Characteristic functions: Let X be a random variable. Then its characteristic function ¢, (.) is defined as

#.(s) = E(eisx); i= ﬂ , Where s is a real number.

A random variable always possesses a characteristic function, even though it may not possess a finite moment

or moment generating function. Also a characteristic function represents a random variable uniquely. There is a

13



one-to-one correspondence between the distribution function and the characteristic function of a random

variable.

For jointly distributed random variables X;, X,...X,, the joint characteristic function ¢X1'x2

as

¢x Sn) — E(ei(le1+52X2+...+san))

(11X e Xy (CT I

— E(ei(slxl) ei(szxz)m ei(snxn))

= E[rn[ el (si%;)
j=1

If the jointly distributed random variables X3, X,...X, are independent also, then

n .
¢xl,x2,...xn (Sll Syye Sn) = E (jl—_llel(SJXj)J

_ 19[ ol (5%))
j=1

= 11 (571
ja o

15 Determination of probabilities using characteristic functions:

For a random variable X,

1 U
P(X =x) :JI'LE juqﬁx(s)ds; —0 < X<

If X is a discrete random variable, then
V]

) U%mmizuqu(s);—oo<x<oo

This representation is unique.

y, (erewy.) s defined

If the moments of the random variable X exist, they can be determined using characteristic functions as follows:

E(XT) = 2% 5] ir-123.
" os" s=0

For jointly distributed random variables, Xy, X, ...X,,

14



1 ok
X 85,105, .05,

E(X,"X,%.. X, %) = Px,xy..x, (5:5.:5)

s=0

K=n+0+..+0

Representing a stochastic process in terms of joint characteristic function of the random variables:

We have seen that a stochastic process {X(t), t € T}can be identified and represented in terms of the (joint)
distribution of a finite number of members of the family although the index set T may be infinite. Then, there
being a one-to-one correspondence between the distribution function and the characteristic function, a stochastic
process may be represented in terms of (joint) characteristic function of the member(s) of the family. For
example, consider a sequence of independent random variables X;, X, ...X,, and the sequence {S, = X; + X,

+...+ X, n > 1} of the partial sums. Then

¢51,Sz,---5n (s:85,0:8,) = ¢X1(Sl+32+...+5n)¢xz (52+...+sn)...¢Xn (s,)

n
as Elsksk = 8,(S,-Spa) F (Sy_g +8)(S1 - Spp) oot (Sy, + S5+ 4+8) (S,-S;) +(S; +8, +...+5,)S;

For a stochastic process with independent increments,

n
Px ()X ()X (1) (S0 820 80) = Pyt (S +8; +---+Sn)k132¢(x(tk)—X(tk,l))(Sk+---+Sn)

In this case, if the distribution of X (t;) and X (t) — X (s) are known for all t and s > 0, then the joint distribution
of X (t1), X (t)... X (t,) can be determined.

1.6 Examples
(10) Consider the sequence {ak = %} of real numbers. The generating function of this sequence is
given by
A(s) = é%sk = ¢

(11) Let X ~U(ab)

15



= P(X =k) = ﬁ; k e (a,b)

b 1 1 b-a

5@ 1_Sb—a+1
a b—a[ 1-s J

Sa_sb—a+l
B [(1—5)(b—a)J

In this case,

eisb _eisa
) ( is(b—a) J

Ifa=0andb=1,then

&

P(s) = —1__55 = 1+s

Py (5)

N

P =1 = E(X)

P'M)= 0 = Var(X) =
(12) Bernoulli distribution: Let X ~ Ber(1,p) such that

P(X=1 = p; P(X=0) =g =1-p; 0<px<l

= P(s) = E(sx) = (+ ps

E(X) = P'()

Var(X)=P'Q-[P'OF = p-p

#y (5) = (pet+q)

Pq

(13) Binomial distribution: Let X ~ Bin(n,p) such that

16



= p = P(X=k) = [U p“q"™",

,\_
|

=012.n pg>0; p+tq=1
o 0 n
— PGs) = 3 pksk _ Z[kjpkqn—ksk
k=0 k=0
= (g+ps)"

E(X) = P'(D) = np

Var(X) = P"()) + P'(D) - [P' ()]

= n(n-1) p>+np-n?p?

= np—np?
= Nnpq
is , \"
Py (s) = (pe +q)
(14) Poisson distribution: Let X~ Pois(A)
e 4k
= P = P(X=k) = — 5 k=012..; 4>0
® o a—4gkek
= P(s)=X pk5k=2 € ZIS = et = AsD
k=0 k=0 k!

E(X)=P'() = A

P'D) =4 = Var(X) = A°+1-4% = 4

dy (5) = € (e‘s—l)

(15) Geometric distribution: Let X~ Geo(p)

17



k=012..;, pg>0; g=1p

= P(s) = k%qklosk = 1_‘;3
50 = PO = gl = p
hels) = 7%

Non-ageing property of Geometric Distribution: For a geometric variable X,

= >
P(X =s+r|X >s) = P(X=str,X2s)

P(X>s)
P x: S+r
_ (w i+r) _ qsp — qp
> qp ap
k=0 1-q
= P(X=r)

=>P(X=s+r|X2>s) = P(X=r)
This property, called memoryless or non-ageing property, is a characterization of geometric distribution

among all discrete non-negative integral-valued distributions.

(16) Logarithmic series distribution: Let X has a logarithmic series distribution. Then

18



b = P(X=k) = %% k=123.

k
-1
“Tog p’ 0<pg<t
0 K 00 aqksk
= P(s) = Xps" = % = —alog(1-qs)
k=1 k=1 K
_ log(1-as)
log(1-q)
- —q -9
= B0 = sqiog-9)t = 1g
P(1) = (A
(L-sq)’log(l-q)"~  (1-0)
2 242
= Var(X) = aq 5 Lq_aqz
(I-o)° -0 (1-q)
_ oq(l-aq)
(1-q)°
_ log(1-€")
5 = ogaa)
@an Find the generating function of the Fibonacci numbers { f, } defined by

f, = f,+f o n>2 f,=0 f =1

n

Sol: The gf of the series is given by

_ < n _ & n
F(s) = EO fsh =T+ fls+n§2 fs

=5 +nz(fn_1 + f

=2

n
n—2)S

=5 + sF(s) + s%F(s)

= (1-s-s?)F(s) = s

s
1-s—s°

= F(s) =

(18) Let X be a random variable denoting the number of tosses required to get two consecutive heads when

a fair coin is tossed. Show that the p.g.f. of Xis

[2)8))

-1
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Sol: The event can occur in the following ways:
HH, THH, TTHH, HTHH,...

Let P(X =k) = p,

= P(X=0)=f, = f, = P(X =1)

P(X =2) = f, = P(HH) = p?
P(X =3) = f, = P(THH) = qp® = of ,+qpf,
P(X =4) = f, = P(TTHH,HTHH) = ¢’p®+qp® = of ;+qpf,

P(X =5) = f_ = P(TTTHH,THTHH ,HTTHH) = q°p®+2¢*p® = qf ,+qpf,

So, in general,
fn =P(X=n) = qfn—l +qpfn_2

1 1
= gfmﬁZ

since the coin is a fair coin.

f

n-2

< 2, 3 (1 1
5 F©) = 18 = s 5[50 agf L)
2 2
S S S
= T+§F(S)+TF(S)
SZ
= F(s) = — 4,
L5 5
274

1.7 Determination of {p,} from P(s)
There are two methods, which can be used to determine the sequence of probabilities {p}.
(1 If P(s) = i pksk is exactly differentiable, then

k=0

d“(P(s))

d“(P(s)) 1
T|s=o = k!pk = p = KT dsk |s=0

This representation is unique.

This is a direct and simple method of extracting probabilities from a probability generating functions, provided

the functions are easily differentiable. But this may not be the case always and | may not be possible to obtain
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probabilities in explicit terms. Then a sophisticated and elegant method of obtaining probabilities is partial

fraction theorem.

(i) Partial Fraction Theorem: If P(s) is a rational p.g.f. of the form % where U and V are
polynomials without any common roots, then

P(s) = L 4.+

S-S S, —S
. S - _U(s)
is the partial fraction decomposition of P(s) where a; = Vi) Then
i
r
a.
=y G
pk i=1 Sik+1
1.8 Convolutions: Sum of a fixed number of random variables

Let X and Y are two independent, non-negative integral-valued random variables with the probability

distributions P(X = k) = a; P(Y = j) = b;

i respectively. Define Z = X +Y . Then Z is also a random

variable with the probability distribution

¢, =P(Z=r=3P(X = kY = r)
k=0

r
= > ab,_,as XandY are independent.
k=0

The sequence {c,} of probabilities, which is a combination of sequences {a,} and {b,} and is denoted by
{c.}={a;}*{b} is called convolution of {a,} and {b,}.

We state and prove the following results.

Theoreml.1: The p.g.f. of the sum of two independent random variables X and Y is the product of p.g.f.'s of X
and .

Proof: Let A(s), B(s) and C(s) are the p.g.f.'s of X, Y and Z respectively. Then
C(s) = E(s"™) = E(STE() = A(S)B(S)

Alternatively, if {c;}={a;}*{b;}, then
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C(s)= X ¢! = X s Y abjy
j=0 i=0 k=0

=Y as X b s’ =X as“Y bis’ = A(S)B(s)
k=0~ j=k k=0~ j=0
Theorem1.2: The sum S = X, + X, +..+ X, of a fixed number n of i.i.d. random variables X; has the

p.g.f.[P(s)]", each X; having the p.g.f. P(s).

Proof: The result can be proved easily by induction since for n =2, the p.g.f. of S is

R, (5) = P(S)P(s) = [P()]’
and, extending the result to a general n, we have

MOBILO

1.9 Examples

(19) Sum of independent Bernoulli variables:

If Xi's are i.i.d. Ber(p) variables, then

P(s) = q+ps

= P (s) = (q+ps)"

= S, ~ Bin(n, p)

(20)  Sum of independent Poisson variables:
Let X, ~ Pois(4,), i=12and Z = X, +X,. Then

A (s-1)

PXi(s) =g i=12

= P;(s) le(S)sz (s)
_ ejl(S—l)elz(S—l) _ e(ﬂl‘*lz)(S—l)
i.e. Z ~ Pois(4, +4,).
In general, if X; ~Pois(4), i =1,2,..n and S, = X + X, +..+ X, then

S, ~ Pois(4, + 4, +..+ 4,) .

(21).  Sum of independent geometric variables:

22



(22)

1.10

Let X; ~ Geo(p), i =1,2 i.i,d, variables i.e.

P(X; = k) = qkp and Pxi(s) = ﬁ

If Z = X, +X,,then

2
P, (s) = (1_'[;5} =p'L-g9) "= p° X [Hl]

=P(Z =r) = coefficient of s" in P, (s)

= [r:l] p’q" = (r+1)p’q", r=o.

If X, denote the number of failures preceding the first success and X, be the number of failures
following the first success and preceding the second success, then Z = X, + X, is the number of trials

preceding the second success. i.e.
FF..FS F..FFS
AL

)
X1 X3

X1+X2

and Z ~ NB(2,p).

Ingeneral, if S, = X, + X, +...+ X, is the sum of n i.i.d. geometric variables, then

_ no_ o p"
R0 = (PO = s
_ p”f(mrkk_l]qksk
k=0
N P(Sn=k) _ [n+kk—l]qkpn

is the distribution of trials preceding the n™ success i.e. S, ~ NB(n, p)

If X, Y are independent random variables with p.g.f. A(s) and B(s) respectively, then

D(s) = pgfof{Z = X Y} = E[sx(s-l)Yj - E(sX)E@Y — A(5)B(S)

Sum of a random number of discrete random variables:

Sometimes, we come across situations when the sum of a random number N of random variables is to be

considered. For example, if X; denotes the number of persons involved in the i'" accident in a day in a certain city
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and if the number of accidents N happening in a particular day is a random variable, which is independent of

Xi's, then the sum S = X, + X, +...+ X, is the total number of persons involved in accidents on a particular

day.
Now, we obtain the p.g.f. of Sy:

Theorem 1.3: Let X;, i = 1,2... be iid. random variables with P(X; = k) = p¢ and

p.g.f. P(s) = %pksk, i =12,..Define S = X, +X,+..+ Xy, where N is a random variable independent

of Xi's. Let the distribution function of N is given by P(N = n) = g, and p.g.f. G(s) = X gnsn .Then, the p.g.f.
n

H(s) of Sy is given by the compound function G(P(s)), i.e. H(s) = X P(Sy=j)s! = G(P(s)).
J

Proof: H(s) = § hjsj = i P(S, = j)P(N = n), where {h;} is the probability distribution of Sy, so
j=0 n=0

h = P(Sy = ) = %P(SN = jIN =n)P(N =n)

= i P(S, = j)P(N = n) asthe events are independent

= TP, = D)g = T ()

Mean and variance of Sy:
E(Sy)=H'(s) |y = P'(S)G"(P(S)) sy
=P'Q)G'(Q) = E(X)E(N)

Again, H"(s) = (P'(s)*G(P(s))+P"(s)G'(P(s)) |,
and, Var(S,) = E(Sy%)-E*(Sy)
Where, E(SNZ) = H "(S) |s=]_ +H '(S) |S=l

24



Alternatively,

where,

where,

P'(1G @) + G"@)(P'(1)” + E(N)E(X)

P"(ME(N) + G"M(E(X))* + E(N)E(X)

= (E(X?) = E(X))E(N) + (E(N?) = E(N))E(X) + E(N)E(X)

E(X?)E(N) — E(N)E?(X) + E(N?)E?(X)

E(N)Var(X) + E(N?)E?(X)

= Var(SN) = E(N)Var(X) + (E(N?) — E2(N))E?(X)

= E(N)Var(X) +E*(X)Var(N)

P(Sy =) = 3 P(Sy=JIN=n)P(N=n)

8

= 3 P(N=n)P(5,=])
0

n

ESy) = X PGu=)

= Y |3 P(N=n)P(S,=])

j n=0

XP(N =n)X jP(S, = ))
n j

SP(N = n)E(S,)

E(S,) = E(X;+X,+...+X)

= E(Sy) = ZP(N = n).nE(X)
- E(X)SNP(N = n) = E(X)E(N)

Var(S,) = E(S,%)-E*(Sy)

E(Sy’) = ;jZP(sN:j)
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n

- S2ZP(N = n)P(S, = j)
]

= YP(N = n)Tj?P(S, = j)
n j

= XP(N = ME(S,?)

E(S,%) = E(X;+Xy+..+X,)°

where,
= E(X 4+ Xy 4.t X,)
= E(nX2+n(n-1)X;X,)
= nE(X%)+n(n-1)E*(X)
since Xj's are i.i.d.
= E(S,°) = X P(N = n)(nE(X?) + n(n-1)E?(X))
= E(N)E(X?) + (E(N?) - E(N))E*(X)
= Var(Sy?) = E(N)E(X?) + E(N?)E2(X) — E(N)E?(X) — E2(N)E2(X)
= E(N)(E(X?) - E*(X)) + E(X?)(E(N?) - E*(N))
= E(N)var(X) + E*(X)var(N)
L Var(Sy) _ Var(X) Var(N)
Deduction: E(SNN) = —E00 " E(X) E0O
since, E(Sy) = E(N)E(X)
Examples:

(23) Compound Poisson distribution: Let N ~ Pois(A), A > 0.

Then, G(s) = Xg " = 'Y
n
and H(s) = G(P(s)) = ¢ PO

H(s) is p.g.f. of compound Poisson distribution
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E(Sy) = 2"COPP() |,
= AP'()) = AE(X)
Var(Sy) = (H"(s) + H'(s) = (H'(8)*)lsx1
= ((P(s)?e PO 1 22 PP (s))y + AE(X) - 2°E*(X)
= A2E%(X) + AP"(1) + AE(X) — A2E%(X)

= AP"(1) + AE(X)

= l(Var(X)+E2(X))
Var(Sy) _ E(N)Var(X) + Var(N)E*(X)
E*(Sy) E*(X)E*(N)

AVar(X) + AE2(X)

- AE2(X)
_ Var(X) ‘2
AE2(X)
> Var(X)
AE2(X)
Put% =k
Var(Sy) S I(Var(X)
E*(Sn) N E*(X)
Similarly, let N ~ Geo(p)
Then G(s) :1_pW
and H(s) = TE’(S)
_ _PaP'(s) _ PgE(X) _ «q
TS T A
2pg?(P'(s))’| paP"(s) | _ @2 a2
Sy) = _ 4 4a
VIO = ey L, ey, w0 Tt Y

2pg’E*(X)  pgP"(1) 9’ -2 q 2
= + - —E°(X)+ =E°(X
e o7 02 (X) + S B(X)
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= giE2<x>+g(p--a>+p-<1)-<p-a>>2>+giEZ<x>+gEz<x>

= %Var(X)+%E2(X)
a 92
Var(Sy) _ pVar(X)+p2E (X) _ pVvar(x) 1
p2
S p Var(X)
~ g E(X)
o var(X), , p
= K

1.10.1 Sum of a random number of continuous random variables

Laplace transforms:(LT): LT is a generalization of generating functions. Let f( t ) be a function of a positive
real variable t. Then, LT of f(t) is defined as

f(s) =

o— 8

e Stf (t)dt

for the range of values of s for which the integral exists.
We state and prove the following theorem.

Theorem 1.4:  If X; are i.i.d. random variables having LT's

F*(s) = E(¢ 1) Vi
and if N is a random variable, independent of X;'s, having the p.g.f.

G(s) = XP(N=n)s"= g s"
n n
thenthe LT FSN *(s)ofthesum S, = X, + X, +...+ X isgiven by

Fs, *(5) = G(F*(5)

Proof: The p.d.f. fSN (x) of Sy is given by
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fSN (x) = P(x< Sy <x+dx)

8

P(N =n)P(x £S, <x+dx)
0

>
I

Il
M3

g, P(x<S§, < x+dx)

i
o

—~
bad
P

|

= ge—SNt fs, (Dt

= Te_zxiti IT fx, (t)dt
0 i

29, [Te_xiti fx; (ti)dti]
n "0

¥, (F ()

= G(F (x)

d

Deduction: E(Sy) = EFSN*(s) - G'(F ()F" ()], = E(N)E(X)

Examples:

(24) Random geometric sum of exponential variables: Let X; ~ exp(4), i = 1,2,... and N ~ Geo(p).

Further, let S, = X, + X, +...+ X, . Then

P(N=n) = pg"*
_ _Ps
= G(s) = gs

and

FX*(s) = [ e Ste~Mdt
0

0

A e—(s+/1)t‘
A+S 0

A
A+S

o A ) stpd
! q(/ﬂsj

. i) _ o
= H(s) = G(R(s) = —A% =P
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is the LT of exp(Ap) distribution.

For an exponential variable, the characteristic function is given by

o =[]

(25) Let X;~ exp(a) and N ~ Pois(A). Then

* a

o ) = as
and G(s) = 'V

a2 =48

e ) [

Problems
N .
Let Y, = X Cpen', i = V=1, where 4, 4,,..., 4, are real constants, and C,'s are uncorrelated random

n=1

variables with zero mean and Var(C,)) = an2 . Find if the process is stationary?

Let {X;, t > 0} be a continuous time stochastic process with independent increments. Further, let P (Xo = 0)

= 1. If p(6t-u) is the characteristic function of a single increment, then show that the joint characteristic

function of Xy Xy X o <ty << is

n n
go[ _Zlﬁj ,tlj go[ ZZHJ- ,t2t1J ...(p(&n ,tn—tn,l)
j= i=

Consider a stochastic process {X;, t € T}, where

(at)n—l
P(X = k) _ (1+at)”+1 ,

a

1+at

=12..

Is the process a stationary process?

Random telegraph signal process: Let {X, t > 0} be a stochastic process defined by

X({t) = Y(—l)N(t), t > 0, where {N (t), t > 0} is a Poisson process with parameter A and Y is a random

variable independent of N (t). Further, let P(Y = +1) = % Show that {X;, t > 0} is a covariance

stationary process.
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10.

11.

12.

13.

14,

15.

Let Ty, T,...Ty be the germination times of N seeds planted at time t = 0 and they are assumed to be i.i.d.
with the density function F(t) such that F(0) = 0 and F(«) = 1-p, p being the probability of a seed being fail
to germinate. The average proportion of germination in an interval of infinitesimal length A is A >0. Find

the probability distribution of X,, the average number of seeds that will germinate in (0,t).

Let X (t) = sin (wt), w ~ U (0,2n). Then {X (t), t = 0,1,2...} is covariance stationary but not strictly
stationary. What do you say about {X (t), t > 0}?

Let X, =cos (nY), n>1, and Y ~ U (-m,n). Show that {X,, n> 1} is covariance stationary but not strictly

stationary.
Let X be a random variable with generating function P(S). Find the g.f.'s of X+1 and 2X.

Let X be a random variable with generating function P(S). Find the g.f.'s of
(@) P(X<n) (b) P(X<n) (©) P(X=n) (d) P(X>n+1)
(e) P(X = 2n)

If a fair coin is tossed indefinitely, show that the event of two consecutive heads is certain to occur. Find the
expected number of trials for the event to occur. What can you say about event of three, four or n

consecutive heads?

An event, which is certain to occur, is called a persistent event. Are the events defined in earlier problem
persistent?

In a sequence of Bernoulli trials, let u, be the probability that the combination SFS occurs for the first time
at the nth trial, i.e., a success at n-2" trial, followed by a failure at n-1" trial and a success at n™ trial. Find

the generating function, the mean and the variance of {un}.

Let @, be the number of ways in which the score n can be obtained by throwing a die any number of times.

Find the generating function of {@,}.

Converse of ageing property of geometric distribution: If T is a non-negative discrete random variable
such that
PMT >x+y|T>x) = P(T>Yy)

for all non-negative integers x and y, Then , show that T has a geometric distribution.

Let X have a zero-truncated Poisson distribution with zero class missing, i.e.,

ak

P(X = k) = (-1 ¢y,

k =123,..
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16.

17.

18.

19.

20.

Find the p.g.f., the mean and the variance of X.

This is the famous animal-trapping problem. If g = P (a species is of size n}, and all the animals have
the same probability p of being caught, then the number of trapped animals of a species in the sample is a

variable Sy with gf g(q+ ps).

In a sequence of N Bernoulli trials, where N ~ Pois (1), show that the number of successes and failures are

stochastically independent.

Let Sy = X, +X,+..+ X, N ~ Pois(4). If X; ~Geo (p), find the generating function, the mean and

the variance of Sy.

Let X ~ Pois(1) where A(>0) is a gamma variable. Then show that

v (k)Y ~
P(X =k) _W(E) ‘k=0,1,2..., n=0,1,2...

Consider a sequence of independent random variables X;, X,... distributed identically. Further

letS, = X, +X,+..+ X, where n is a positive integer. Find

n y
(i) the joint characteristic function of Xy, X5... X ;
(i) the joint characteristic function of Sy, S... Sy ;

(iii) the joint characteristic function of Yy, Y,... Y, ; where, Yy = Xyiq — Xy, if
@ X ~ N(0,0%)
(b) X ~ Pois(4)
() X ~ exp(-4)
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